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Abstract 



A revision of generalized commutation relations is performed, besides a description 

■ of Non linear momenta realization included in some DSR theories. It is shown that 
I these propositions are closely related, specially we focus on Magueijo Smolin momenta 

■ and Kempf et al. and L.N. Chang generalized commutators. Due to this, a new algebra 
, arises with its own features that is also analyzed. 

^ ■ Keywords: DSR, Generalized Commutation Relations, Non commutative. 
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1 Introduction 

Oh! 

(D 
(— I , 

The standard model is the general framework of our present microscopical theories and it has 
already been shown that is very successful. Its validity has been confirmed by experiments 
^ I ranging on a very wide range of energies, from eV to TeV [1]. However, from a very 

■ recent perspective [2], it seems to be a low energy effective theory, because there are strong 
difficulties in introducing gravity in the microscopic formulation; on the other hand there 
are no reasons why it should be the right theory at very high energies and one or all its 
ingredients (special relativity, quantum mechanics and cluster decomposition principle) could 
fail at those energies. Indeed, nowadays there are some evidences that Lorentz invariance 
could not be an exact symmetry at high energies, as recent developments in quantum gravity 
suggest [3, 4]. 

Today, one of the principal challenges is to combine successfully the gravitational inter- 
actions with Quantum Mechanics. There are direct proposals to do this: M theory and loop 
quantum gravity are good examples, however we can not say if they are the right choices. 
Meanwhile the analysis of features that a right theory should have and problems that arise 
in different efforts, can be very fruitful. A fundamental idea that has been proposed in order 
to achieve this, is the existence of a fundamental length. A well developed list of arguments 
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in order to introduce a minimal length is presented in the Hossenfelder paper [5], a shorter 
one is the following: 

1. String Theory naturally includes a minimal length scale because its very success arises 
from the fact that interactions do no take place at one point in space time but they occur 
on the world sheet. Meanwhile, generalized uncertainty relations have aroused and this is 
not a minor feature. 

2. In Loop Quantum Gravity [4] the area operator has a discrete spectrum which gives 
rise to a smallest-distance structure. 

3. Non-Commutative Geometries [6] modify the algebra of the generators of space-time 
translations such that position measurements fail to commute. The commutator is now 
proportional to a matrix that has a dimension of length^ 

4. A minimal length can be found from the Holographic Principle, which states [7] that 
the degrees of freedom of a spatial region are determined through the boundary of the region 
and that the number of degrees of freedom per Planck area is no greater than unity. This 
leads to a minimal possible uncertainty in length measurements [8] . 

5. Several phenomenological examinations of possible precision measurements [9], 
thought experiments about black holes [10] or the general structure of classical[ll], semi 
classical [12] and quantum-foamy space-time [8]. All of them lead to the conclusion that 
there exists a fundamental limit to distance measurement. 

A fundamental minimal length is closely associated with Non commutativity, deformed 
Heisenberg algebra and DSR theories, all of these theories are also related to Large Extra 
Dimensions theories and a revision is really fundamental. A brief synopsis of theses areas 
are presented in the next sections 2 and 3, and the relationship between Non linear momenta 
proposed by Magueijo Smolin and the Generalized Uncertainty Principle is shown in section 
4. Finally, a discussion is presented in section 5. 

2 A brief review on Non commutativity and Deformed 
commutation relations 

The first example of a noncommutative space that was clearly recognized in physics is the 
quantum phase space. In fact the first considerations on their quantified differential geometry 
were developed, already 1926, by P. A.M. Dirac [13, 14]. In these works, Dirac discovered the 
algebraic structure of the quantum phase space postulating its famous rule of quantization 
of a classic theory, that consists in the replacement of the Poisson brackets of two classical 
observables by ih times the commutator of the associated quantum operators. In this way 
the coordinates of the phase space p and q are transformed into noncommutative operators 
p and q whose commutator is ih. This Non commutativity implies a relation of incertitude 
between the operators p and q, that makes disappear the notion of individual points in the 
phase space being the Bohr cell the more plausible idea that survives. In the limit h ^ it 
recovers the ordinary phase space. 

This particular algebra of operators inspired later the more radical idea which consists 
in the replacement of the coordinates of the space time by noncommutative operators. 
As it happens in the previous case, the relation [a;^,a;;^] ^ implies an incertitude principle 
between the coordinates of the space time that makes to disappear the image of point to 
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short distances. One can argue that as the Bohr cell replaces the points of the classic phase 
space, the appropriate intuitive notion to replace a point is the Planck cell of dimensions 
given by Planck's area. 

Pauli in a revision of the basic principles of quantum mechanics [15] affirmed that only 
relativistic quantum mechanics is logically complete and expressed vigorously his conviction 
that new limitations in the possibilities of measurements would have to be expressed more 
directly in a future theory, and that these would be associated with an essential and deep 
modification of the basic concepts and the formalism of present quantum theory. Pauli 
also affirmed that the concepts of space and time on very small scales need a fundamental 
modification. 

The origin of this is the fact that the calculated values of some observables grows to 
infinity when the continuous theories arc extrapolated until arbitrarily small distances, al- 
though the measured values are in fact finite. This appeared first in the classical theory of 
electromagnetism. 

Quantum electrodynamics attenuated these divergences, but did not remove them. With 
the purpose of controlling these divergences, around 1930, Heisenberg [16, 17], proposed to 
replace the continuous space time by a discrete structure. Nevertheless, at first glance a 
discrete structure breaks the relativistic invariance that, at that time, was a fundamental 
requirement of any theory. Later Snyder [18], suggested the idea to use a noncommutative 
structure, and showed that this necessarily implies the existence of a length scale below 
which the notion of point does not exist any more. The Snyder method maintains invariance 
with respect to Lorentz transformations and it is possible that introducing it in a field theory 
provides an effective cut-off, that is to say, one minimal length in the space time to which 
the theory is sensible, eliminating therefore the infinities. The Snyder theory later was 
corrected by Yang [19] to include translational invariance and after some initial variations 
and developments [20, 21, 22, 23, 24, 25] this idea practically was forgotten, mainly because 
the renormalization program was revealed appropriate to predict indeed finite numerical 
values for the observable magnitudes in quantum electrodynamics, without resorting to the 
non commutativity. 

John Von Neumann was the first in trying to describe such quantum spaces rigorously 
and introduced the term noncommutative geometry to talk about to a geometry in which an 
algebra of functions is replaced by a noncommutative algebra. The idea of noncommutative 
geometry were retaken in the Eighties by the French mathematician Alain Connes [26] , that 
generalized the notion of differential structure to the noncommutative case, that is to say, to 
arbitrary algebras. Connes defined a generalized integration, this took to the description of 
the noncommutative space time and allowed the definition of theories of field in such spaces. 

A different approach has been suggested since long ago, and this idea to generalize Quan- 
tum Mechanics via commutation relation has originated from the following arguments: 

• Esthetics : There is an obvious, unsatisfying asymmetry between the current treatment 
of the macro and the micro world, geometry being given a priori at the sub nuclear 
level. Geometry is assumed to be independent of the physical phenomena. 

• Curiosity: Can commutation relations be the same at energies characteristic of atomic 
at present day physics, that is, over the range of some twelve order of magnitude?. 
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• Phenomenology: Might the striking high energy phenomena such as quark confinement 
and the regularities exhibited by the "heavy photons" be connected with the geometry 
of space?. 

Then to do research on the above mentioned questions [30] the following generalization 
of the commutation relation was proposed: 

[g,p] = i^+^^(g,p) (2.1) 

where £ is a constant with dimensions of length which is sufficiently small so that the second 
term in the right hand side is negligible except for very high energy or momentum, in other 
words, for low energies the usual Heisenberg commutation relation holds, and c is the velocity 
of light in vacuum. 

We assume that the variable p well understood "the momentum measured in the labora- 
tory" and therefore wc consider equation (1) as an equation which determines the position 
operator q when T{q^p) is given. In the low energy or low momentum limit q — ihd/dp is 
the usual position operator. 

The function J-'{q,p) should in general depend on the dynamics of the problem, and 
therefore the operator q and the g— eigenvalues, this is to say, the physical space, is not given 
a priori but is determined by the physics of the problem as represented by the choice of 
J-'{q,p). Hence the name to describe this procedure: Dynamical Quantization. 

We further assume the existence of a Hamiltonian function H = H{q,p), and the validity 
of the Heisenberg equation of motion: 

§4^,0] (2.2) 

where is a dynamical variable and H is the Hamiltonian of the system, which continues 
being valid. 

Next we will briefiy survey some previous results, with some of the possible elections 
of J-{q,p) both, for the non-relativistic case and a possible relativistic generalization. The 
simplest choice for J-{q,p) is H{q,p) which leads to the commutation relation: 

[q,p]=ih+-H{q,p) (2.3) 
c 



As was postulated in [27, 28]. Equation (2.3) implies 



ApAq > 



h i ^ 

- H E 

2 2c 



(2.4) 



then the lower bound of ApAq grows linearly with energy, except for logarithmical corrections 
as it was confirmed by Giffon an Predazzi [31] using high energy data, which preliminarily 
yielded ^ = 2.3 x 10~^fm. The harmonic oscillator problem can still be solved exactly with 
equation (2.3), yielding a non-equal spacing law for the energy levels [28]. 
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where a — 1 — uj£/2c and P — 1+ uj£/2c. 

In the one dimensional case, for a non relativistic free particle we have 



[q,p]-m + Sy) (2.6) 

where 5^ = i/2mhc. The corresponding position operator eigenvalues problem leads to the 
physical space. The result was that the spectrum is discrete [29] 

Xn^2nh5, n = 0,±1,±2,--- (2.7) 

That is to say, the space generated hy H — p^/2 m, is a one-dimensional lattice, the smallest 
interval being 

/2 hi 

Aqmin = 2M = W (2.8) 

V mc 

Then, once the particle has been located at any arbitrary point of the one dimensional 
space, the rest of the space "feels" it, the lattice appears instantaneously; in this sense, the 
geometry acts as constant force, a linear potential. Further, if Ag„i.j„ is the spatial extension 
of an extended object, then it is meaningless to ask for its "constituents" , that is, objects 
of smaller size, because no test particle can go into it. 

For a relativistic generalization our starting point is the observation that the function T 
takes place in (6) and can be written as follows 

p2 1 

^-^-l^P-P (2.9) 
2m 2m 

which suggests to choose, for the relativistic free particle case 

(2.10) 

2m ^ ' 

Equations (1) and (10) then lead to the following generalization 

[Qix.Pv] ^ -ih{gf,^- S^p^p^) (2.11) 

where goo — —Qkk = 1 for A; = 1, 2, 3 and g^^v — para ji ^ u. The implication of this 
commutation relation can be investigated. Assuming as before that the are given we find 
that ^ 

Qi^ = -ih{gi_,^ - S'^Pu,p^) Vihup^ (2.12) 

OPii 

where k is a real positive constant which determines the weight function in the inner product 
if we wish to give a physical meaning to our operators. By imposing (g^^^, "0) — {(p, Qui^) we 
find that the suitable internal product is 

{iP,4>)=[dT J— (2.13) 

J - QnuPuPu) 

where dr is an appropriate volume element, j — — ^{D — 1) and D is the dimension of 
space time. We remark that since k is a free parameter we can choose /3 so that the internal 
product normally used in quantum mechanics continues being valid. 
The main results of this generalization are: 
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• Coordinates operators do not commute, their commutators being proportional to the 
infinitesimal generators of the Lorentz group. 



• The spatial operators qi, q2, qs having discrete spectrum. 

• The time operator qQ has a continuum spectrum. 



Applications of this type of generalization, show that the energy spectrum of the one 
dimensional harmonic oscillator is given by 



Er, — hw 




+ hw 



2 i\ uji 
n +n -\ — — 
2/ 2c 



(2.14) 



and the eigenf unctions are the Gegenbauer Polynomials. In these calculations we have used 
the one dimensional version of the position operator 2.12. 

The eigenvalues problem for the three-dimensional harmonic isotropic oscillator can be 
solved using the three-dimensional version of position operator 2.12. We found 




= ) ^/l+( ^ ) +nuj(n^ + 3n-s{s+l) + ^^'^ (2.15) 

where s{s + 1) are the usual eigenvalues for the angular orbital momentum of the oscillator. 
The eigenfunctions are the Jacobi Polynomials. 

Following suggestions originated in quantum theory of gravity and string theory, Kempf , 
Mangano and Mann [31] have suggested a generalized uncertainty relation of the form 

[x,p] = -ih{l + ax^ + Pp'^) (2.16) 

where a, (3 are positive and independent parameters. They discussed some consequences of 
this generalization in non relativistic quantum mechanics and have worked in detail the case 
a = 0. Their result are very similar to those found in [20]. Following this same type of sug- 
gestions and with similar results, Chang and coworkers also have developed some applications 
to non relativistic quantum mechanics [32, 33] and they have discussed some consequences 
of the non commutativity in classical mechanics [34]. Preliminary applications to relativistic 
quantum mechanics and quantum fields theory have been developed recently by Yamaguchi 
in a Riemannian energy-momentum space [35, 36] and by Ahluwalia-Khalilova[37] . 

The non commutative theories also play an important role in the area of condensed 
matter, which is not only the concrete accomplishment of the mathematical models used 
to explore the properties of space time in physics at high energies and quantum theory of 
gravity, but represents concrete applications in an area of increasing interest and impact. A 
classical example is the theory of an electron in an external magnetic field, projected on the 
lower Landau level, which can be treated like a non commutative theory. It is by this reason 
that these ideas are relevant for the study of the quantum Hall effect [38] and in fact they 
have been very useful in this context [39]. 

A recent and very convincing example of a noncommutative theory in the area of con- 
densed matter is the quantum theory of mesoscopic electrical circuits developed by Li and 
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Chen [40, 41] that takes into account the discretization of the electric charge which leads to 
a new commutation relation between the charge and current operators, that is similar to the 
one studied in physics at high energies and quantum theory of gravity. Several advances and 
applications in the context of the mesoscopic circuits with discrete charge have been made 
by J.C. Flores [42] and by J.C. Flores in collaboration with C. Utreras [43]. 

Summarizing, noncommutative theories have been revealed as tools of certain utility in 
theoretical physics. They appear as much in the physics of high energies, for the description 
from a fundamental level of the space time on small scale, as also in the area of condensed 
matter to describe the Hall effect and in the quantum theory of the mesoscopic electrical 
circuits. The enormous activity around these theories mainly is bound to the appearance 
of non commutativity in the limit of low energies of string theory mentioned previously. 
Since string theory is the only well-known theory that it could unify all the fundamental 
interactions, it is possible that the problems of control of divergences in the quantum theory 
of field and quantization of gravity are basically related by means of some sort of non 
commutative. 

3 DSR theories 

Absolute vahics of length, time or energy arc not, at first glance, in agreement with the 
Lorcntz transformations, this point has produced the idea of modifying Lorentz symmetry. 

Several solutions to the problem on how to modify the Lorentz boosts, have been pro- 
posed. In particular, a very interesting solution was given by Doubly (or Deformed), Special 
relativity (DSR) theories [44, 45, 46]. These theories are based on a generahzation of Lorentz 
transformations through the more broad point of view of conformal transformations, they 
have two observed independent scales: velocity of light and Planck length. 

Usually a modification of Lorentz boosts in momentum space is performed, however when 
this is done, retrieving the position space dynamics can be a very hard task, due to the loss of 
linearity. Kimberly, Magueijo and Medeiros [47], have proposed some methods to undertake 
this problem by using a free field theory. So, this is a worth research aspect of DSR theories, 
that is not well understood until today. 

Another approach can be seen in [48], on the other hand, the approach of Deriglazov [49] is 
very interesting because he starts from a conformal group, but the idea is different from the 
one proposed here, because it is based in position space and the problem of retrieving the 
position space dynamics is not present in that work. 

Some approaches have been performed in order to identify AdS spaces as arenas for DSR 
theories and the approach of this paper could shed some light on that problem too. 

Even though DSR theories were of increasing interest because they could be useful as 
a new tools in gravity theories, in Cosmology as an alternative to inflation [50, 51], and in 
other fields like propagation of light [52] , that is related, for instance, to cosmic microwave 
background radiation, nowadays they fell out of favor with researches because there ar serious 
conceptual issues that DSR has so far failed to address like: 

• They seem to belong to a trivial k deformations of Poincare algebra [53] 

• Special relativity extensions do not need to have a non linear character. [54] 
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They have very hard problems with multi particle sector (the well known soccer ball 
problem) [55] 



• A fundamental length scale does not violate Lorentz invariance as Snyder himself shown 
first [18] and can be seen also in [56] 

• Lorentz violations due to the combination of some consequences of DSR hke theo- 
ries and elementary particle interactions are at the percent level some 20 orders of 
magnitude higher than expected unless a very unnatural tuning is performed [57] 

Despite all these problems, we will show that a conspicuous feature of these theories 
is closely related to Generalized Commutation Relations, the Magueijo Smolin non linear 
momenta that are still fashionable. 

About this feature, Lciva [58, 59, 60] has shown that it is possible from a formal point of 
view to obtain Fock-Lorentz [61, 62] and Magueijo-Smolin deformations, through a reduction 
process and using conformal group generators as the generators of the deformed Lorentz 
algebra. Then, the open problem of obtaining the space time dynamics is solved through 
the relationship, on the physical surface, between momenta and velocities that rise up from 
this method. 

More specifically, it was conjectured that the deformations of the Lorentz algebra per- 
formed in the position space (the Fock-Lorentz formulation), can be treated as a transfor- 
mation made by a linear combination of conformal group generators. On the other hand, 
the momentum case (the Magueijo Smolin formulation), can be understood as an analog 
process, but the inclusion of a new generator is needed. This new generator can be obtained 
from the same theory, and it completes the set of symmetries of the massless Klein Gordon 
equation. Then, a DSR massless particle is shown to be isomorphic to a normal Lorentz 
particle living in a 2 space, and the deformations are induced by dimensional reduction. 

4 DSR and Generalized Commutation Relations 

It is possible to show a relationship between non commutativity, deformed algebra and DSR 
theories. We are going to show that a deformed algebra in the sense of [44, 45] and others, 
can be seen as a first order approximation to some DSR theories. In fact, if the commutator 
between the position operator and the Magueijo-Smolin momentum operator n is calculated, 
we obtain: 

[xi,pj] = i5ij, i,j = l,...n 



^3 = 



and using the definition of ttj: 



K7r,] = (4.2) 
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[xi, TTj] = 2i5ijlp f + 2ilp'Ki'Kj (4.3) 

where 



/ = , (4.4) 

at first order gives: 

[Xi, -Kj] ^ iSij{l + ipTl'^) + 2iip7Ti7Tj (4.5) 

and that exactly is the relation proposed by Kempf et al. and L.N. Chang. 

On the other hand, using a very similar treatment to the one performed by Leiva to 
obtain the DSR generators, J. Romero and A. Zamora [63] obtained the Snyder commutation 
relations. This is a new clue in that in all these theories there is a very important underlying 
relationship. 

The full position operator that satisfies 4.1, in the tt— representation, can be easily cal- 
culated and we find 

d f d \ 

Xi^2i£pf — + 2ilp'Ki yKj — j +2i£pK'Ki (4.6) 

where k is a free parameter that can be fixed in the definition of the internal product since 
as it can be easily verified the operators Xi given in (21) are not hermitian with the internal 
product usually employed in quantum mechanics: 

(V^,0) = J dm...d7rnr<P (4.7) 

consequently, we needed to build an internal product in which the operators Xi are self 
adjoint. We postulate the general form: 

{i.,<P) = J dn,...dn^,J^^ (4.8) 

where W (tt • tt) is a weight function to be determined and tt • tt = TTiTTj. Imposing the 
condition of hermiticity of the operator Xi with this new internal product: 

(xi^/-, 0) = (t/', Xi0) (4.9) 

and requiring that the functions and vanish suitably in the infinite, after an integration by 
parts, we find that 4.9 is fulfilled, if the weight function W satisfies the following differential 
equation: 

aw f dW 

J T; h TTj TT 



+ (^-^ + 2KTTi-{n+l)n^^W = Q (4.10) 

At this point and to simplify the equation for W we choose k = {n + l)/2. Now using the 
function / gives in 4.4 we can see that: 

df 2n, (1 + 2£pn^ - yi + 4V2) df 
OT^i (y 1 + 4£p7r2 - 1) yi + 4£p7r2 on 
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Then it is evident that we can choose W as a function of tt = a/tt^ + ■ • ■ + tt^. With this 
dW/dni — (TTi/n) dW/dn and the equation for W in spherical coordinates becomes 



TT- 



y^l + UpTT^ - 1 J dn 
2 (1 + 2iy - ^1 + 4£p7r2) 



this last equation can be integrated directly giving 



W = (4.12) 



^ yT+jgL (4.13) 

where a multiplicative integration constant has been chosen equal to one because any con- 
stant of this type always can be incorporated in the normalization constants of the wave 
functions ip, (j). 

In order to complete this section we define the angular momentum operators in the usual 
way as: 

Lj = ejkeXkHe (4.14) 

where ej^^ is the usual Levi-Civita symbol. Doing simple algebraic manipulations we find 
that Lj is explicitly given by: 

d 

Lj ^ -2iipf ejkeT^k-Q;^^ (4.15) 
In addition, other direct calculations allow to show that: 

[xj,Xk]^2iep 1 + 2(^1 + ejkeLe (4.16) 

The position operators do not commute. Evidently: 

Axj Axk ^ (4.17) 

as has been usual in this type of theories. 

In this way equations (4. 2), (4. 3), (4. 16) are the commutators of a new algebra that com- 
prises Non linear momenta in the way proposed by Magueijo Smolin and GUP theories. 



5 Discussion and outlook 

In section 2 we have reviewed the principal arguments and ways to introduce extra terms 
in the canonical relations. In section 3, we have seen some facts of DSR theories and in 
section 4 we have seen that how Magueijo Smolin momenta produce non linear commutation 
relations that are, to first order, the same of those proposed by Kempf et al. and Chang, 
used also by Ahluwalia-Khalilova in an relativistic extension. Furthermore we constructed 
explicitly the position operator and investigated its features. 
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We think it is very important to study features that arise when a minimal length or a 
Generalized Uncertainty Principle or Non commutativity are introduced in areas like Clas- 
sical Mechanics and Quantum Mechanics, because new hidden or exotic symmetries could 
emerge. [64] 

Finally,to extend the study to quantum field formulation could be also a interesting task, 
indeed Lorentz violation in supersymmetric Field Theories was investigated by Nibbelink 

and Pospelov [65]. The extension of these theories to Quantum Field Theory has been done 
just for the noncommutative case [66, 67], but they have not been deeply investigated, there 
is just an extension proposed by Magueijo [68]. 
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